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Abstract

The corrections to neutrino mixing parameters in the presence of matter of constant density are
calculated systematically as series expansions in terms of the mass hierarchy Am3,/Am3;. The
parameter mapping obtained is then used to find simple, but nevertheless accurate formulas for os-
cillation probabibilities in matter including CP-effects. Expressions with one to one correspondence
to the vacuum case are derived, which are valid for neutrino energies above the solar resonance
energy. Two applications are given to show that these results are a useful and powerful tool for
analytical studies of neutrino beams passing through the Earth mantle or core: First, the “dis-
entanglement problem” of matter and CP-effects in the CP-asymmetry is discussed and second,
estimations of the statistical sensitivity to the CP-terms of the oscillation probabilities in neutrino
factory experiments are presented.



1 Introduction

With the development of long baseline neutrino beams passing through the mantle of the Earth,
three flavor neutrino oscillation with a constant matter profile is presently drawing attention. Some
effort has been spared on the exact solution of the connected cubic eigenvalue problem [] However,
the obtained solutions are huge and were up to now only used in computer based calculations.
Also approximative solutions for oscillation probabilities and mixing angles have been proposed
for several parameter regions [, which are interesting and useful. The intention of this work
is to first derive analytic approximations for the mixing parameters in matteIﬂ according to the
standard parameterization, which then allows to compute all desired quantities like probabilities
or amplitudes from the known expressions in vacuum by substitution. The parameters in matter
are calculated in a series expansion in the small mass hierarchy parameter o := Am2;/Am3,. The
obtained results are discussed and then applied to the appearance channel probability P(v. — v,).
A simple solution, which is easy to use, but nevertheless accurate over a wide parameter range is
obtained. No new notation is introduced besides abbreviations known from two neutrino oscillation
in matter. Furthermore, the result shows at first sight the convergence to the vacuum case at
small baselines and thus is directly connected to the terms in vacuum. The approximate solutions
obtained with this method are a powerful tool for further analytical studies. To demonstrate this,
two applications are given. First the derived expressions are exploited to compute the frequently
used quantity called the CP-asymmetry AT, which has considerable importance in CP-violation
studies. The problem is that matter effects cause contributions to the CP-asymmetry, which
cannot easily be distinguished from intrinsic CP-effects. Here, expressions for A" in matter are
given for high neutrino energies (more precise: low L/FE,). The result is then used to investigate
what can be learned from the energy dependence of A®Y. The second application given estimates
the statistical sensitivity to the CP-terms of the oscillation probabilities in neutrino factory long
baseline experiments. Plots are presented, which show the magnitude of CP-effects at different
baselines and beam energies. Contrarily to what presently can be found in the literature, the here
obtained results indicate strongly that, in general, the low energy option is not the best solution
to measure effects from the CP-phase . The reason for this discrepancy is discussed.

Throughout this work two assumptions will be made: First, that the mass hierarchy parameter
a = Am%Q/Amgl, which is used as expansion parameter, is small. Consider for example an
atmospheric Am? of 3.2 - 1073eV? [B] . For solar mass differences of LMA-scalef] [H] between
1075eV? and 107*eV?, « varies between 0.0031 and 0.031. Second, it will be assumed that
the mixing angle 13 is small as indicated by reactor, solar, and atmospheric experiments. The
strongest bound is given by the CHOOZ experiment [f] with sin?2613 < 0.1. The smallness
of this parameter will be used to classify terms, which appear in the expressions for oscillation
probabilities. The mixing angles 612 and 633 should be chosen from the interval [0, 7/2].

! Oscillation in matter can be described by a mapping of the six basic parameters 612, 613, 623, Am2,, AmZ,,
and § similar to the well-known two neutrino oscillation formulas in matter.

2The abbreviation “LMA” stands for Large Mixing Angle MSW-solution to the solar neutrino problem. The
MSW-solution assumes resonance enhanced oscillation of neutrinos passing the core of the sun.



2 Three neutrino oscillation in vacuum

In vacuum, the neutrino oscillation probabilities are given by the well-known formulas

P(ve, = Ve,,) = O — 4 Z ReJZ-l]m sin? Aij -2 Z ImJZ-T sin QAZ-]- , (1)

1>7 1>7

with the abbreviations Jll]m = UuUUp,Unj and Ay = Ami;L/(4E). Here, U is the mixing
matrix of the neutrino sector in standard parameterization form:
C12€13 €13812 e 513
i i
U= | —si12c23 —€"c12513523 C12023 — €'°512813523  C13523 . (2)
i i
—e'c12813C23 + 812523 —€'°512813C23 — €12523  C13C23

Since in this work, the hierarchy |Am3,| < |Am3,| between the two mass squared differences
is exploited, from now on all mass squared differences will always be related to the atmospheric
squared mass difference: Am2, =1 A, Am3, = oA, Am3, = (1 — a)A, and A = AL/(4E).
Series expansion up to order o gives the following important terms in the oscillation probability
P(Veﬁyu) ~ Py + Psing + Peoss + Ps:

Py = sin?fygsin®20;3sin® A (3a)
Pans = « sindcosfissin20;, sin 20;5 sin 2693 sin® A (3b)
Pooss = « cosdcosfissin 261, sin 2013 sin 2693 cos A sin® A (3c)

Py = a?cos? B3 sin? 2015 sin? A (3d)

Expanding the oscillatory terms in « means linearization of the oscillation over the solar mass
squared difference. This gives valid results only for aA < 1. With todays knowledge about
neutrino masses this does not cause crucial errors for neutrino energies above 1 GeV at baselines
below approximately 10000 km. The two terms Pi,s and Peogs, containing the CP-phase §, are
both of order o and hence suppressed by the mass hierarchy. This reflects the fact that CP-effects
vanish when the mass hierarchy becomes large. Besides the factor sin? @3, the term P is similar to
the two neutrino oscillation probability which in matter is expected to show the resonant behavior
called MSW-effect [{]. The term P is the only term of order a2, which is not suppressed by the
small mixing angle 613. Hence, it is important to take this term into account when 643 is small.
If 613 is not too far away from the CHOOZ-bound, Ps can safely be neglected. All other terms of
order o are additionally suppressed by one or more powers of 13 and are not listed here.

3 Mixing parameters in matter

In matter, the effective Hamiltonian in flavor basis is given by

1 m? 0 0 A 00
H=oz |U| 0 m3 0 |Ut+| 0 0 0 . (4)
0 0 m3 0 00

Here U = Us3(623)U13(613, 0)U12(012) is the mixing matrix, which rotates from mass to flavor basis.
The second term is generated by matter effects with A = 2VE, and V = v/2Gpn,, where G is



the Fermi coupling constant and n. is the electron density of the matter, which is crossed by the
neutrino beam.

The matter term is invariant under rotations in the 23-subspace. Separating diag(m%,m%,m%)
which, as global phase, does not contribute to the probability, and using the above defined para-

meters, the Hamiltonian can be written in the form

A 000 200
H=gpUn Uiz | 0 a 0 vhul,+ 0 o o ||Ul,. (5)
0 0 1 0 0 O
With
1 0 O
Us:=01 0 |, (6)
0 0 ¢?
the relations
Ul U13(013,0) Us = Ups(613,0) (7a)
Ul Uia(612) Us = Usa(612) , (7b)
Ug diag(a,b,c)Us = diag(a,b,c) (7c)

are valid. Inserting the identity matrix Us Ug at the appropriate places in eq. (E) gives

A

H= ﬁUzs Us |U13(613,0) Uta UaT Ul, . (8)

o oo
S oObe

0 O
a 0 Uf2 U13(913,O)Jr +
0 1

o O O
o O O

M

Diagonalization of the real matrix M by U = Ugg(égg) Ulg(élg) Um(élg) together with the part
which was factored out gives the complete mixing matrix U’ in matter:

U’ = Uy3(623) Us Uz3(B23) Ur(613) U2 (612) - 9)

Mixing angles in standard parameterization form

The matrix U’ must still be brought to the standard form. The matrix

1 0 0
Uss(023) Us Uas(f23) = [ 0 C S (10)
0 —eidgr Gidcr
with
= €08 093 cos fyz — €' sin B3 sin fog ) (11a)
S = cosfo3sinfog + € sin Oa3 cos fag (11b)



can be made real by the phase rotations 3 := —arg C, v := arg S, and ¢’ := argC — arg S [| :

10 0 ) 10 0 1 0 0
0 e‘lﬁ 0 U23(923)U5U23(923) 01 0~/ = 0 ‘C’ ’S’ . (12)
0 0 —eld=) 0 0 e 0 —|S| |C|
This gives
10 0 1 0 0 A A
U'=[0 ¢ 0 0 [C] |IS| | Us Urs(613) U}, Ura(612) Us: (13)
0 0 —elr9) 0 —|S| |C|

The phase rotations on the left and on the right can be absorbed in the field vectors, yielding then
U’ in standard parameterization form:

U' = U(03) Uis(013,8") Urz(612) . (14)

This finally means, that the (standard) mixing angles 05 and 6], in matter are equal to 013 and
012 which are obtained from the matrix that diagonalizes M. The matter correction 653, however,
mixes with the CP-phase 9:

3 = i3, (15a)
2 = b2, (15b)
sin? Ohy = c0s? Bg3 sin? fgg + sin? Bag cos? fag + 2 cos § sin Bag cos Bag sin Bag cos Bag (15¢)
in 20
sind = sind o ?3 . (15d)
sin 205,

Equation ([[3d) was first found by S. Toshev [[i]. There, a different parameterization is used, which
— for oscillations — is equivalent to the standard parameterization. It is important to note that
the results given up to here are exact results for three neutrino oscillation in matter and do not
presume that the mass hierarchy parameter is small.

Calculation of the eigenvalues and eigenvectors

Hereafter A will be used as abbreviation for %. Diagonalization of the matrix M leads to the
oscillation parameters in matter. Note that M does not include the parameters 3 and §, which
have been factored out. This will simplify the calculation of the eigenvalues and eigenvectors of
M considerably:

2 A 2 .2 2
S13 + A+ QCi3S579 S812C12C13 813C13 — (XS13C13579
_ 2
M = S812C12C13 04612 —QS$12C12513 . (16)
2 2 2 .2
813C13 — a313c13312 —QS812C12513 013 + a312313

3Using |C| and |S| in eq. () further restricts the parameter space for 623. Since 023 is assumed to be close to
/4 and 623 in general is small, this problem is not relevant for the calculations presented here.



The invariants of the cubic eigenvalue problem are given by
L = TI"(M) =AM+ A+ A3=

= A4+1+4a, (17a)

1
I, = 5 [TI“(M) — TI"(Mz)] =M+ MA3+ X3 =

= Acos®b15+a+aA (sin2 013 sin? 61 + cos? 912) , (17b)
I3 = Det(M) = A A3 =

= aAcos?05co82 65 . (17¢)

Solving this system of equations in a series expansion of « gives the eigenvalues

R g o
Moo= LAp1-0) o CFLZAcosWi)sinbz 0y (182)

2 2C
e = acos?fp +0(?), (18b)

. . .

A3 = 1(A +1+C)+a (€= 1+ Acos 2013) sin” 61 +0(a?), (18c¢)

2 2C

with

C = \/(fl — c0s 2613)2% + sin? 2013 . (19)

Here, C is the same square root, which appears in the two neutrino matter formulas.

Calculating the eigenvectors of M in order O(«) gives:

sin 2013 . o Asin? 012 sin? 2013
V20(A+C—cos26013)  2C/202(— A+C+cos 2013)

1+A—C)sin26012 sin 0
v, = af - )Asnf 125715 +(9(a2) , (20a)
(1+A+C)\/20(A+C—cos 2013)
sin 2013 o Asin? 612 sin? 2013

 V20(—AtCtcos2013)  201/202(A+0—cos 2613)

o cosfiasinfio

Acosfi3
vy = N +0(a?) (20D)
a (14+A) cos O12sin 012 sin 13
Acos2 013
sin 2613 o Asin2 012 sin2 2013

V/2C (= A+Ccos 2613) 20/202 (A+C—cos 2013)
a (1+A—C) sin 2012 sin 013 2
vy = — — O(a®) . 20c
3 (14+A+C)\/20(— A+C+cos 2013) +0(a) (20c)
sin 2013 o Asin? 015 sin? 2013

V2C0(A+C—cos2613)  2C/2C2(— A+C+cos2013)

There is one major problem concerning the calculation of the eigenvalues and eigenvectors, which
has to be addressed. Throughout the above series expansion A was assumed to be different from
zero. This is important as the results given above do not hold for A =0 in which case a different
series expansion in « would be obtained. This is a general and important fact. In principle,
it is also possible to give results for small values of \fl\, which, however, would fail for larger
|A]. The reason for this is that there are two different resonances occurring. One for A = «



(solar resonance) and one for A = cos 2013 (atmospheric resonance). Each resonance produces a
level-crossing of the eigenvalues. To describe both level-crossings, the correct expression for the
eigenvalues are necessary. Being interested in approximative solutions, one has to distinguish the
two above mentioned cases. In this work the focus is on the case |fl| > «, which is appropriate for
neutrino beams above 1 GeV in matter densities of 2.8 g/cm? (Earth mantle) or more. However,
one must not expect that the expressions for the mixing parameters in matter will show the
correct convergence for A — 0. For Am3, = 107*eV? and 2.8 g/cm® we find that A > a is valid
for E, > 0.5GeV. This lower bound on the neutrino energy decreases linearly with Am3;.

That the results for the eigenvalues and eigenvectors obtained from the series expansion are not
good at the resonance A ~ 1 is another point to mention. However, this does not have a crucial
implication on the obtained results for the parameter mapping and oscillation probabilities. This
issue will be discussed later, at the appropriate places.

Construction of U

It is now possible to construct U from the eigenvectors vi, vg, and vs. For this it is necessary
to correctly identify the order and the signs of the eigenvectors. In order to avoid divergences
in the expressions for the mixing angles, it is appropriate to change the order at the resonance
A = cos 264 :

U (21)

) (vive vg)T for A < cos 205

(v3 o vl)T for A > cos 26013
The second point is to bring U’ to a form which is consistent with the standard parameterization.
This is not trivial and has to be carried out carefully for each of the different cases. As an example,
the case A < 0 will be considered in detail:

As the vacuum angle 53 was factored out from the beginning (eq. (B)), the matter induced change
of this mixing angle 095 will be of order a. This can be also seen by lookmg at the (u,3)-element
of U. Furthermore, by looking at the (e,2)-element, one finds that also 615 must be of order .
Considering this with the replacements $12 = a§§§), 893 = a§g§), and 513 = .§§%) —|—oz.§§§), one obtains
the following structure for U:

) €13 @Cy3 819 513
U= —a@ +39:)y 1 adl sl | +0(a?) . (22)
—3813 —a(515)51y +5%)) C13

Then, sin élg and sin égg can be read off directly from Ueg, U'Mg and U, 3:

. n . 2 . 2
sinfyy = sin 2613 n o Asin® 015 sin” 2043 n O(a2) 7 (23)

\/2@’(—121 + C + cos 2013) 26’\/26’2(121 +C — cos 2013)

sinflyy = a(l +A4- AC) s11a 2012 sin 013 + O(a2) . (24)
2(1 — A+ C) cos? 913

4 Another strategy would be to chose the order in such a way that in the limit |A| — 0, the correct mixing matrix
in vacuum is obtained. However, since the expressions for the eigenvectors and eigenvalues are not good in this limit,
this is not a feasible solution here.




To find sin élg, it is now useful to split off égg. The rest U = Ug;)(égg) U’ should now be brought
to the form

s A0) 0) g
13 QCi3 819 513
—asly 1 0 |+0@?. (25)
N
13 12 213 13

The mixing angle f12 can then be read off from U e

a C'sin 2615
Acos b3 \/2@(—121 + C + cos 2013)

sin 912 = —

Parameter mapping

Considering the correct ordering of the eigenvectors (eq. (1)) and following the above described
steps, one can determine the complete parameter mapping for all regions of the A parameter space.
Comprising, one obtains the following expressions for the mixing parameters in matter:
sin 20 a Asin? 6y sin? 20
sinfl; = 13 + 12 13 (27a)
V2C(FA+C eos25)  202\/20(£A + € F cos 201)

sinfl, = « C'sin 2012 (27b)

|A| cos 913\/26’(:&21 + C + cos 2013)

A sin 2615 sin 613 cos 093

sin@,, = sinfys + a cosd = - 27¢
2 » +1+ C F Acos26;3 (27¢)
sind = sing[1—a—> 0 24 SH} 261% sin b3 (27d)
tan 2023 +1 + C F Acos 2613

Here, in the expressions with choices for the sign, the upper sign holds for A < cos 2613 and the
lower sign holds for A > cos263. Higher orders than O(«) are omitted. To take into account
also A2 and &, which were factored out at the beginning, the equations ([Ja-d) were applied. The
expansion of sin ¢’ given here does not hold for f53 — 0.

From this parameter mapping it is possible to derive the following quantities:

sin? 200, — sin2A2913 e 2121(—121 + cos 291§) sin? 09 sin? 2613 (28a)
C? c4
2C sin 2
sin2f}, = o — (AjsmA 91{ (28b)
| Al cos 013 \/2C(:FA + C + cos 260,3)
2 A sin 261 si 2
sin20h; = sin20s3 + acosd o 912 SIDA913 cos 262 (28¢)
+1+ C F Acos26:3
For the mass squared differences one obtains:
Am3, Am3, Am?) for A< cos26
AZ/A 2/A 2/: ( 3 25 1 iy 13 29
(Amay , Amgy, Amsy ) (—Am?2, —Am3, —Am2) for A > cos26:3 (29)



with

Am%/ = A()\g—)\g)
J— A A 3 2
= 1(14—1214—CA')A—0zA 0082912—( 1+C+ACOAS%13)SIH et . (30a)
2 2C
Amd = A —\)
N 5
= 1(—1—A+C’)A+o¢A cos? 015 — (1+C AcosA2913)sm et ,  (30b)
2 2C
Am3 = Az —\)
_ A in2
_ CA—I—O(A( 1—|—ACOSA2913)SID 012 . (30C)

C

Looking at the expressions for the mixing angles in matter, one obtains the following interesting
statements:

2.2 ’
sin 2013

In leading order, one finds the well-known resonant behavior of 05 familiar from two neutrino
oscillation as MSW-resonance. The order « correction to this leading result is suppressed by two
powers of #13, and hence, is negligible small. A careful study of the correction indeed shows that
it is small and only important if precise results are to be obtained. The expressions for 613 do
not show divergences for |fl| — 0 and the vacuum limit is correctly described. Comparison with
numerical results shows an excellent agreement even for ]121\ <o

s /
sin 2023

In leading order, the mixing angle 65, is equal to the vacuum mixing angle sin 2623. The order «
correction is double suppressed by 13 and by cos 26023 (when o3 is close to w/4). Its proportionality
to cos § is caused by the mixing of the CP-phase § with the O(«a) correction of 855 (eq. ([c)). The
expression for 043 shows the correct behavior for |fl| — 0 and numerical results are consistent also
for |[A] < o

s /
sin 2012

The quantity sin 26, is of order a. For a — 0 it does not reproduce the vacuum parameter 6;.
But this is not difficult to understand. For a = 0, the first term in the Hamiltonian (eq. (f)) is
invariant under rotations in the 12-subspace. This reflects the fact that for « = 0 the solar mixing
angle does not influence the oscillation probabilities and could in principle be chosen arbitrarily.
Interesting here is that sin 267,, even for large values of \fl\, is proportional to a. In leading order
of 013 one finds that sin20}, = a sin2015/|A|. There appears a divergence for |A| — 0. The
result is unphysical for \fl\ < «, which reflects the problem that the level crossing at the solar
resonance is not correctly described. Since |fl| is proportional to the neutrino energy E,, sin 26,
is suppressed not only by the mass hierarchy, but also by large neutrino energies.



CP-phase §

The correction to the CP-phase § in matter is triple suppressed by the mass hierarchy «, 6:3,
and tan~!263. For sin® 26,3 = 1, the CP-phase ¢ is not changed (in order «). The invariance
of sind sin 2093 under variations of the matter density p (eq. ([[Jd)) is an exact result, which is
independent from the approximations made.

4 CP-violation: Jcp in matter

From the vacuum case it is known that the quantity Jcp = Im Jll]m drives the strength of CP-
violating effects. In vacuum, it is given by

8Jcp = sin d cos 013 sin 2015 sin 2613 sin 2053 . (31)
Application of the parameter mapping (eqs. (R7)) gives J&p in matter:

sin ¢’ cos 0] 5 sin 207, sin 205 sin 205, =
e

—— §ind cos B3 sin 2015 sin 2013 sin 26093 + O(a?) . 32
AC co by 13 12 13 23 (a”) (32)

One thus finds the important and simple result

/ (07

or |A|C cos? 613 or (33)

Applying this result to
Jep Amiy Amly Amby = JopAda + O(a?) (34)

the Harrison-Scott invariance J{pAmjoAmi Amby = JopAmiaAmsiAmsy [ can be verified.

It is important to notice that also in matter all CP-violating effects are proportional to the mass
hierarchy «. In vacuum, the suppression of CP-effects through the mass hierarchy is obtained from
the smallness of the solar mass splitting, which is aA. In matter, the mass hierarchy is lifted, but
the mass hierarchy suppression is retrieved in sin 26},, which is proportional to «, and thus, leads
to a mass hierarchy suppression of Jp.

Another interesting point to notice is the factor 1/ é, which leads to an MSW-like resonant en-
hancement of J{p in matter. It can thus be expected that the CP-terms Pyns and Peoss will
benefit from the MSW-resonance in the same way as the leading two neutrino term Py does.

5 The v, — v, appearance probability

Having presented the parameter mapping in matter, it is now possible to start from the ordinary
vacuum expressions (eq. (fll)) in order to derive the oscillation probabilities in matter. The Jll;” as



series expansion in « take the following shape:

Re Jf;/ = —cos ¢ sin 6, cos? 0] sin 5 cos O sin O,
—sin? 0], cos? B3 + O(a®) (35a)
Re Jf:ﬁf/ = —cos ¢ sin B, cos? 0] 5 sin 5 cos B sin O,
— sin 260} 5 sin” B3 + O(a?) (35b)
Re Jze:’)f/ = cos 0 sin @), cos® 05 sin 05 cos By sin s + O(a®) (35c¢)
Im Jh = —Tm JE =Tm J5& = cosd sin @), cos? 0] sin 05 cos 043 sin Oy + O(a3) (35d)

Even though in general the calculations were performed only up to order «, a closer look at a?-
terms proves to be important. Each second term of Re J{5” in eq. (BF) is of order a?. Since 6},
is not suppressed by 613, these terms give a non-negligible contribution to the overall oscillation
probability. This order o sin” 6,3 contribution, which will be identified with the P3-term in vacuum
(egs. ({)) is important for small values of f13. It is possible to show without explicit calculation
of all order a?-terms of the parameter mapping that no further terms of this kind exist. All other
a’-terms in the oscillation probability will at least be suppressed by one power of 6;3.

Inserting the expression for the mixing parameters in matter together with the abbreviation A=
A& gives the following list of terms contributing to the oscillation probability P(v. — v,):

in? 26 A A
Py = sin® 923811107213 sin?(AC) (36a)
1  sind cos 013 sin 2015 sin 2043 sin 20 A n An .
Pins = —q n0COSTISSI SN2 SIS SR TT28 G0 (CA) [cos(CA) — cos((1 +A)A)} (36b)
2 AC cos 0%,
1 in 2 in 2 in 2 An A A n
Puwg = go 80000200250 2a S 2023 (@A) [sin((1 + A)A) F sin(CA)] (360)
2 AC cos 6,
P = —a %siﬁ 612 sin? 2615 sin’ 923A sin(ZAC’)
2A(—A 2 <
+a ( 24008 013) sin? A5 sin® 2613 sin? fy3 sin?(AC) (36d)
:F1+C’iﬁcos2913 . . . L9 A A
P, = « — cos 13 sin 26015 sin 2613 sin 2093 sin“(AC 36e
2 202 A cos? Ory 13 12 13 23 (AC) (36e)
A2 )
P = 042 _ 2C cos 9A23 SH} 2012 sin2 (1(1—|—A:FC)A> (36f)
A2 cos?013(FA + C =+ cos 2613) 2

The probability P(7, — 7,) can be obtained from the probability P(v. — v,,) by flipping the sign
of the Pyins term. In all expressions with two possibilities for the sign, the upper sign is valid for
A < cos 2613 and the lower sign is valid for A > cos26;3. The A-dependent pre-factors of Pj, Ps,

10



and P; expanded in 013 give:

1— Acos 263 1 9
_ = &+ 0(0
- o o)
2A(—A + cos 2013 2A
CA ) o)
C (A-1)
F1+C + Acos 26
e = 0(63)
2C? A cos? 013
2C

cos? 913(:F121 + C =+ cos 2013)

Thus, P, is quadratic in sinf#;3 and P, even of third order in #;3. Therefore, P; and P, are
negligibly small compared to Ps,s and P.ys. The term P5 is important, since it is the only term,
which is not suppressed by 613. It was stated before that in some cases the expressions for the
eigenvalues and eigenvectors are not good at the resonance A = cos 2613. This problem stems from
the second order in #13. On the level of probabilities, this deficiency is small and only visible in
the P.oss-term for large values of #13. It turns out that neglecting the subleading terms, which are
the source of this problem, gives very accurate results also for A = cos 2615. This modification can
be applied to both the P,y s-term and the Py, s-term:

sin § cos 673 sin 2675 sin 2643 sin 2053
AC cos 62,

Pins = « sin CA sin Asin AA | (37a)
cos 0 cos B3 sin 2615 sin 26013 sin 26053

— sin CA cos A sin AA . (37Db)
AC cos 6,

Pcos6 = «

Neglecting all subleading terms in 013, the relevant terms Py, Psing, Peoss, and P take the following
simple shapes:

in? 26 X A
Py = sin?6 M sin?((A — DA 38a
b 2 (A - DA) (350)
Pins = « sin. cos b1y S 2612 S 2013 5in 262 sin(A) sin(flA) sin((1 — A)A) (38b)
A(l—A)
Pos = a cos d cos 013 sin 2012 sin 2013 sin 2023 cos(A) sin(AA) sin((1 — A)A) (38¢)

A(1— A)

9 cos? O3 sin? 2619
o 12
It is evident that in the limit of small baselines, A— 0, these expressions converge to the results in
vacuum (egs. (Ba-d)). A numerical study shows that the precision loss of egs. (BJa-d) compared to
eqs. (BBa-f) is only relevant for the largest allowed values of sin? 2613 near the CHOOZ-bound (0.1).
The precision loss is mainly caused by the approximations made in Py. The term Ps contributes to
the overall probability only for small 613, and hence, does not suffer an appreciable accuracy-loss
in the form given in eq. (B§d). Figure [l shows a comparison of the analytic results obtained here
with the results obtained from a numerical study. Note that the combined contributions from
eq. (Bga), eqs. (Bia,b) and eq. (BYd) are identical to the result obtained by Cervera et al. [{] (eq.
(16)). A similar approach has been discussed in ref. [I(]. However, eq. (16) therein does not cover
the case of very small 613, since it does not include order (Am3,/Am3;)? corrections.

Py = sin?(AA) (38d)
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Figure 1: Analytical results (dashed and dotted lines) compared to numerical results (solid line) for the
oscillation probability P(ve — v,) in matter (2.8 g/cm?®) as function of the neutrino energy. Negative
energies correspond to anti-neutrinos. The dashed line uses the expressions a,b,c,f. The dotted line
was obtained from equations a,b,c,d. The calculation was performed for the baseline L=7000 km with
8 = 0, bimaximal mixing and three values of sin® 263 (0.1, 0.01, 0.001). The squared mass differences are
Am?, =3.2-107%eV? and Am3, = 1-10"*eV?.

6 Applications

6.1 Validity region of the low L/FE, approximation in matter

Frequently, the low L/E, limit is used to simplify complex calculations or derive power laws for
neutrino rates. In vacuum, it is well-known that this approximation is valid for

R Am? L
A<i1 E, > 4.0CGeV 81 :
St = B 240Ge (3.2 T10-3 eV2> <1000 km> (39)

With the use of eqs. (B8a-d), it is possible to extend this argument to the presence of matter. Note
that in the oscillatory terms, which are linearized in the small A approximation, there now also
appear the terms AA, which must be small. In this product, the dependences on the energy FE,
and the mass squared difference Am3; cancel. Hence, in addition to relation (B9), a direct limit
on the baseline L, which only depends on the matter density p is obtained:

-1
A A p
< < -
AAST = LN37OOkm<2.8g/c 3> . (40)

6.2 CP-asymmetry in matter at small L/E,

CP-violation studies frequently focus on the fundamental quantity called CP-asymmetry Acp:

P(ve — vy) — P(Ue — 1)

P(ve = vy) + P(0e — ) (41)

Acp =
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In vacuum, being proportional to sind, Acgp is a direct measure for intrinsic CP-violation. Since
Acp is a ratio of probabilities, it has the important advantage that, on the level of rates, systematic
experimental uncertainties to a large degree cancel out. However, matter effects also create fake
CP-asymmetry, which spoils measurements of the intrinsic CP-violation induced by §. The problem
to distinguish these two different sources of CP-violation is often called the “disentanglement
problem”. In a typical long baseline neutrino experiment, the strength of matter induced CP-
effects reaches the strength of intrinsic CP-effects at baselines around 1000 km.

Using the above derived approximative solutions for the appearance probability P(v. — v,), it is
possible to calculate the small A limit of Acp. For bimaximal mixing (023 = 612 = 7/4) Acp is
given by

2A sin 2613 cos 913(ozAfl cos§ — 3asind + 2A A sin 013) 1

Acp =~ ~—_. 42
or 3(a? + 2a cos A3 sin 2013 + sin® 26;3) E, (42)

The approximation is valid in the regime given by eqs. (BY) and ([i(). This limit is helpful to
describe the behavior of Acp for higher neutrino energies at not too long baselines. It is interesting
to notice that in principle the leading contribution to Acp in A has its origin in the sin d term. At
first sight, this would suggest to distinguish this intrinsic contribution from matter contribution
of order A2 by the energy dependence of Acp. However, taking into account that A itself is
proportional to E,, it turns out that all terms in eq. () have the same energy dependence 1/E,.
To summarize: In leading order in A, the CP-asymmetry in matter is proportional to 1/E,. The

. 100
4 sinf20,3=0.1 7.5 sin?26,3=0.01 sin?26,3=0.001
5
3 50
> S 25 s
e e /| < |
uf ui 2.5 o
1 50
_5
0 5 -100
- /2 0 /2 s - -n/2 0 72 Pis - /2 0 72 Fis
CP-phasé CP-phasé CP-phasé

Figure 2: Dependence of the high energy limit of the CP-asymmetry on the CP-phase ¢ for bimaximal
mixing. On the ordinate is plotted the value of E, Acp in GeV, which should be energy independent in the
low L/E, approximation. The solar mass splitting was chosen at the upper edge of the LMA-MSW solution
Am3, =1-107* eV? and the atmospheric mass splitting was varied in the Super-Kamiokande allowed 90%
confidence interval 3.2 - 1072 < Am3, < 3.6 - 10~2eV?. The calculation was performed for a baseline of
1000 km.

coefficient, which describes the 1/E,-energy dependence of Acp for high energies is sensitive to
both, matter effects A and intrinsic CP-effects from &. At high energies, the quantity E,Acp
is predicted to be constant in the energy spectrum and this characteristical quantity could give
direct access to the CP-phase §. This is demonstrated in fig. [}, which shows the value of E, Acp
as function of the CP-phase ¢ at different values of sin® 26;3. Since E, Acp does not vary with the
energy, this simple analysis is to a good approximation independent from the energy distribution
of the neutrino beam. It is of course questionable if, in a real experiment, in the constant regime
of F,Acp, there are enough neutrino events to measure. Also this method cannot replace a full
and detailed statistical analysis of the complete neutrino energy spectrum.
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6.3 Strength of the CP-terms Pk, s and Pe.ss

The two subleading terms (Bgb) and (Bdc) currently raise considerable interest as they contain
information about the CP-phase § of the neutrino sector. Today, much effort is spent on the study
of CP-violating effects in neutrino oscillation experiments [[J]. One can try a simple approach to
this problem by using the here obtained analytic results. It would, for example, be interesting to
know, how strong the information on ¢ inherent to the appearance oscillation probability is. To
quantify this, one can look at the relative magnitude of | Py s + Peoss| compared to the statistical
fluctuations /Py 4+ P3 in the background signal (provided the errors are Gaussian). To obtain
statistical meaningful numbers, the estimation should be performed at the level of event rates
expected in a real experiment, e.g. a neutrino factory long baseline experiment. Typically, flux
times cross sections of a neutrino factory beam [[1J] scales like E3/L2. A neutrino factory of 20 GeV
muon energy and 102° useful muon decays per year produces 54800 vy~events in a 10 kton detector
at 1000 km distance (assuming measurements in the appearance channel). As a statistical estimate
the following ratio could be chosen:

E, \’ L \7? [Pans + Peoss|
S = 1/54800 K’ S cosol ., 43
\/ <20 Gev> <1000 km> VP + D5 (43)

Psins Peoss Psins +Pcoss
10000 & N 10000 10000 K_//
8000 8000 8000
c 6000 g 6000 c 6000
x 3 x
£ kS £
- 4000 — 4000 - 4000
2000 2000 2000 -
0 0 0
5 10 15 20 25 30 5 10 15 20 25 5 10 15 20 25
Ein GeVv Ein GeV Ein GeV

Figure 3: 1o, 20, 30 and 40 contour lines of the quantity S (eq. (@)) in the L — E,, parameter plane.
Light shading indicates no signal and dark shading indicates strong signal. The left plot studies only the
Pgins term. The plot in the middle displays the strength of the P.oss term. The right plot, which combines
both terms should give the best approximation to more complex studies. Note that no energy spectrum was
used in this crude model. The calculations were performed with § = 7/2 (left), § = 0 (middle), § = 7 /4
(right), bimaximal mixing, and sin20;3 = 0.01. The mass squared differences are Am3, = 3.2 - 1073 eV?
and Am3, =1-10"*eVZ.

The value of S gives the number of standard deviations (“o’s”) at which the CP-signal is distinct
from the “background”. Figures P show the contour lines 1o, 20, 30 and 40 of S in the L — E,,
parameter plane. The plots were produced with a running average matter density matched to the
baseline L. It is interesting to note that in most of the L — E,, parameter space, there is no obvious
decrease of the statistical sensitivity to CP-effects for increasing beam energy E,, as often quoted
in the literature. To study this point in more detail, it is helpful to derive the low L/E, (eq. B9)
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scaling laws for S in the cases sind = 1 and cosd = 1:

Ssin6 ~ and Scosé ~ 1/ E,u . (44)

L
VEu
Indeed, for the Py, s-term, the statistical sensitivity should decrease like 1/ \/E_“ However, the
validity-region of the low L/F, approximation, according to eq. (BY), is E, 2 (4,12,20) GeV for
L = (1000, 3000, 5000) km. In the left plot of fig. f] it can be seen that roughly at these energies,
S shows a plateau where its maximal value is reached. The argument in favor of small energies
thus only holds for very small baselines around 1000 km and smaller. The sensitivity to the Py s-
term increases like \/E7u Hence, in the case of large cosd, high beam energies are favored to
extract information on the CP-phase 4. In conclusion, the difference of the result presented here
and statements being found in the literature has two sources. First, usually only the explicitly
CP-violating part Py, s of the oscillation probability is assumed to give the CP-signalf] Second,
the high energy approximation to the oscillation probabilities is often applied without careful
consideration of its validity region.

7 Conclusions

The purpose of this work was to find approximate analytic expressions for the neutrino mixing pa-
rameters and oscillation probabilities in the presence of matter. It was stated that being interested
in approximate solutions it is difficult to describe both the solar and the atmospheric resonance at
the same time. Therefore, this work is restricted to energies above the solar resonance according
to:

R 2 3
Al> ol = B, >045Gev (—2m2 | (288/em™) (45)
10-4eV? p

For this regime, the complete parameter mapping (egs. (@)) was given as series expansion in the
small mass hierarchy parameter « = Am3, /Am3,. It was shown, that the change of the CP-phase
¢ in matter is triple suppressed by the mass hierarchy, the mixing angle 613 and by 623 being close
to maximal. Furthermore, it was shown that in order Am3,/Am3;, the relevant contribution to
the parameter mapping is the correction of 615 in matter. The derived parameter mapping was
used to compute the P(v, — v,) appearance oscillation probability in matter. Effort was made to
find simple solutions, which hold over a wide parameter range and are easy to compare with the
results known from vacuum oscillation. An answer, which in the author’s point of view fulfills all

® Frequently, the need for explicit detection of an asymmetry between the two CP-conjugated channels is stressed
and matter effects are considered as background, which prevents such measurements. The attitude taken here is,
however, different: The goal of any experiment is the limitation of the allowed parameter space for ¢, which does
not necessarily presume the detection of explicit CP-violation. Hence, the P.oss contribution has the same status as
the Pins-term and matter effects have to be included in the theoretical model, which is fitted to the experimental
data.
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these requirements is the following set of terms (egs. (Bg)) contributing to P(re — v,,):

202
2 ,, 072008 o4 1)A)

Py = sin®fy3———
0 23 G_1)2
Pis = a sin d cos 013 sin 2012 sin 2013 sin 26093 sin(A) sin(AA) sin((1 — A)A) |
A(l - A)
Pos = a cos & cos O13 sin 26019 sin 26013 sin 26053 COS(A) sin(AA) sin((1 — A)A) 7

A1 - A)

9 cos? O3 sin? 2015
o

T sin?(AA)

Py =
with A = Am2,L/(4E,) and A = A/Am3, = 2V E,/Am3,. This gives qualitatively good results
for baselines at which the oscillation over the small (solar) mass squared difference can safely be
linearizedf):

. E 10~4eV?
< < d
aA <1 = L <8000 km<GeV> < A, ) ) (46)

To obtain high precision results for large values of 3, it is recommended not to neglect subleading
013 effects. The corresponding terms to P(v. — v,,) are given by egs. (Ba,b,c,f). Results for the
anti-neutrino channel are always obtained by flipping the signs of Py, s and A.

Using the derived approximations to the oscillation probability, it was shown that from relation
(E0) a stringent limit on the baseline L can be derived, up to which the small L/E,, approximation
in matter is valid. Then, using this approximation, an expression for the CP-asymmetry Acp in
matter was given, which demonstrates that, for high neutrino energies, Acp is decreasing pro-
portional to 1/E,. It was proposed that measuring this energy-dependence could help to obtain
information on the CP-phase §. Last, it was demonstrated that estimations on the experimental
sensitivity to the CP-terms in P(ve — v,) can be given. The here obtained results do not favor
low neutrino energies for the CP-violation search. The reason for the discrepancy between this
result and statements, which can presently be found in the literature, were discussed. These topics
were discussed only briefly and mainly serve as demonstrations of the applicability of the derived
formulas.
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50f course, it is also possible to give results, which are not limited by this baseline restriction. However, this
approximation is very helpful to obtain simple results.
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